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We show that the widely used density dependent magnetic field prescriptions, necessary to account for the
variation of the field intensity from the crust to the core of neutron stars violate one of the Maxwell equations.
We estimate how strong the violation is when different equations of state are used and check for which cases the
pathological problem can be cured.
PACS numbers: 26.60.-c, 97.60.Jd, 11.10.-z
I. MOTIVATION
The physics underlying the quantum chromodynamics
(QCD) phase diagram has still not been probed at all temper-
atures and densities. While some aspects can be confirmed ei-
ther by lattice QCD or experimentally in heavy ion collisions
for instance, other aspects depend on extraterrestrial informa-
tion. One of them is the possible constitution and nature of
neutron stars (NS), which are compact objects related to the
low temperature and very high density portion of the QCD
phase diagram. Astronomers and astrophysicists can provide
a handful of information obtained from observations and infer
some macroscopic properties, namely NS masses, radii, ro-
tation period and external magnetic fields, which have been
guiding the theory involving microscopic equations of state
(EOS) aimed to describe this specific region of the QCD phase
diagram.
There are different classes of NS and three of them have
shown to be compatible with highly magnetised compact ob-
jects, known as magnetars [1, 2], namely, the soft gamma-ray
repeaters, the anomalous X-ray pulsars and more recently, the
repeating fast radio burst [3]. The quest towards explaining
these NS with strong surface magnetic fields, has led to a pre-
scription that certainly violates Maxwell equations [4]. The
aim of this letter is to show how strong this violation is and
check whether the density dependent magnetic field prescrip-
tions can or cannot be justified. Magnetars are likely to bear
magnetic fields of the order of 1015 G on their surfaces, which
are three orders of magnitude larger than magnetic fields in
standard NS. In the last years, many papers dedicated to the
study of these objects have shown that the EOS are only sen-
sitive to magnetic fields as large as 1018 G or stronger [5, 6].
The Virial theorem and the fact that some NS can be quark
(also known as strange) stars allow these objects to support
central magnetic fields as high as 3× 1018 G if they con-
tain hadronic constituents and up to 1019 G if they are quark
stars. To take into account these possibly varying magnetic
field strength that increases towards the centre of the stars, the
following proposition was made [4]:
Bz(n) = Bsur f +B0
[
1− exp
{
−β
(
n
n0
)γ}]
, (1.1)
where Bsur f is the magnetic field on the surface of the neutron
stars taken as 1014G in the original paper, n is the total number
density, and n0 is the nuclear saturation density In subsequent
papers [7–19], the above prescription was extensively used,
with many variations in the values of Bsur f , generally taken as
1015G on the surface, β and γ , arbitrary parameters that can-
not be tested by astronomical observations. The high degree
of arbitrariness was checked already in [4] and later in [20]
and more than 50% variation in the maximum stellar mass
and 25% variation in the corresponding radius was found.
With the purpose of reducing the number of free parame-
ters from two to one and consequently the arbitrariness in the
results, another prescription was then proposed in [20]:
Bz(ε) = Bsur f +B0
(
ε
εc
)α
, (1.2)
where εc is the energy density at the centrer of the maximum
mass neutron star with zero magnetic field, α is any positive
number and B0 is the fixed value of the magnetic field. With
this recipe, all magnetic fields converge to a certain value at
some large energy density, despite the α value used.
One of the Maxwell equations tells us that ∇ · ~B = 0. In
most neutron star calculations, the magnetic field is chosen as
static and constant in the z direction, as proposed in the first
application to quark matter [5]. In this case, the energy asso-
ciated with the circular motion in the x− y plane is quantised
(in units of 2qB, q being the electric charge) and the energy
along z is continuous. The desired EOS is then obtained and
the energy density, pressure and number density depend on
the filling of the Landau levels. Apart from the original works
[5, 6], detailed calculations for different models can also be
found, for instance, in [9, 15] and we will not enter into details
here. However, it is important to stress that the magnetic field
is taken as constant in the z direction, what results in different
contributions in the r and θ directions when one calculates the
magnetic field in spherical coordinates.
According to [21, 22], and assuming a perfectly conducting
neutron star (Br(R) = 0) that bears a magnetic dipole moment
aligned with the rotation axis such that µ = BpR3/2, where
R is the radius of the star and Bp the magnetic field intensity
at the pole, the components of the magnetic field in spherical
2coordinates are given by:
Br = BP cosθ
(
R
r
)3
, Bθ =
BP
2
sinθ
(
R
r
)3
, (1.3)
and in this case, it is straightforward to show that ∇ ·~B = 0.
If one cast eqs. (1.1) and (1.2) in spherical coordinates,
from now on called respectively original and LL’s prescrip-
tions, they acquire the form Br = cosθBz, Bθ =−sinθBz and
Bφ = 0 and the resulting divergent reads
∇ ·~B = cosθ ∂B∂ r , (1.4)
where the magnetic field in the radial direction can be ob-
tained from the solution of the TOV equations [23], where r
runs from the centre to the radius of the star. As a simple con-
clusion, ∇ · ~B is generally not zero, except for some specific
values of the parameters that we discuss in the next Section.
II. RESULTS AND DISCUSSION
In what follows we analyse how much ∇ ·~B deviates from
zero when B is allowed to vary either with the original pre-
scription as in eq. (1.1) or with LL’s proposal, as in eq. (1.2)
with two different models, the NJL and the MIT bag model.
These two models have been extensively used to describe stel-
lar matter in the interior of quark stars. It is important to
point out that the same test could be performed with hadronic
models used to account for magnetised NS with hadronic con-
stituents, as in [7, 8, 10–15, 17, 18], for instance.
Before we analyse the behaviour of ∇ ·~B/B that depends on
∂B
∂ r =
∂B
∂n
∂n
∂ r , we show in Fig. 1 how the magnetic field varies
with the star radius for one specific case, i.e., the MIT bag
model with B = 1018 G and the prescription given in eq.(1.2).
All other cases studied next present a very similar behaviour.
It is interesting to notice that the curve changes concavity
around half the stellar radius.
FIG. 1: Magnetic field versus r for the MIT model, bag constant 148
MeV1/4, Mmax = 1.4 M⊙ and R = 10.04 km.
In Fig. 2 we plot ∇ · ~B/B as a function of the star radius
for different latitude (θ ) angles and a magnetic field equal to
B0 = 1018G. In both cases the equations of state were obtained
with the Nambu-Jona-Lasinio model [9, 24]. The violation is
quite strong and ∇ ·~B/B can reach 70% for small angles.
FIG. 2: Equations of state obtained with the NJL model and B0 =
1018 G. Chakrabarty’s prescription was calculated with Mmax =
1.44 M⊙ and R= 8.88 km, β = 5×10−4 and γ = 3. LL’s prescription
was calculated with Mmax = 1.46 M⊙, R = 8.83 km and ζ = 3.
In Figure 3 we plot the same quantity as in Figure 2 for the
LL’s prescription and the much simpler and also more used
MIT bag model for different latitude angles. Again the viola-
tion amounts to the same values as the ones obtained within
the NJL model. Finally, in Figure 4, we show how large the
deviation can be for different values of the magnetic field in-
tensity and a fixed angle θ = 45 degrees and the original pre-
scription. We see that the deviation reaches approximately the
same percentages, independently of the field intensity.
FIG. 3: Equations of state obtained with the MIT model, bag constant
148 MeV1/4, Mmax = 1.4 M⊙ and R = 10.04 km for different latitude
angles.
Now, we turn our attention to a possible generalisation of
eqs. (1.1) and (1.2) in spherical coordinates in order to verify
for which conditions the divergent becomes zero and check
whether the situation can be circumvented. The generalized
magnetic field components is given by
Br = B0 cosθ ( f (r))η , Bθ =−B0ζ sinθ ( f (r))
η , (2.1)
and the corresponding divergent reads:
∇ ·~B = B0 cosθ
[
2 f (r)η
r
+η f (r)η−1 d fdr −
2 f (r)η
rζ
]
, (2.2)
3FIG. 4: Quark stars described by NJL model with different val-
ues of B0 and θ = 45 degrees. For B0 = 1018 G, Mmax = 1.44⊙,
R = 8.88 km and central energy density εc = 7.67 f m−4. For
B0 = 3× 1018 G: Mmax = 1.45⊙, R = 8.88 km and central energy
density εc = 7.65 f m−4. For B0 = 1019G: Mmax = 1.50⊙, R = 8.80
km and central energy density εc = 8.11 f m−4.
which is zero either for the trivial solution cosθ = 0 or if
2
r
+
η
f (r)
d f
dr −
2
rζ = 0,
for which a general solution has the form f (r) = Ar
2−2ζ
ηζ
.
When ζ =−2 and η = 3, A= R and B0 = Bp, eqs.(1.3) are re-
covered. When ζ = 1, the numerator of the exponent becomes
zero and f (r) is simply a constant (A), does not depending on
r. Another possibility is the assumption that f (r) is a function
of the density, for instance, as f (n(r)) or of the energy density
as f (ε(r)). In these cases,
d f
dn
dn
dr =
2 f
r η
(
1− ζ
ζ
)
,
d f
dε
dε
dr =
2 f
r η
(
1− ζ
ζ
)
.
If we take ζ = 1, the result resembles the original (LL’s)
prescription, d fdn = 0 ( d fdε = 0) because dndr ( dεdr ) is obtained
from the TOV equations and is never zero. For ζ 6= 1,
solutions can be obtained from numerical integration.
III. FINAL REMARKS
We have shown that both existent prescriptions for a density
dependent magnetic field widely used in the study of magne-
tised neutron star matter equations of state strongly violate
one of the Maxwell equations, showing a pathological prob-
lem. However, they can be cured if used only for well defined
values of functionals that guarantee that the Maxwell equation
is not violated. We have shown the results obtained from EOS
used to describe quarks stars. Had we shown the same quan-
tities for neutron stars constituted of hadronic matter only, the
qualitative results would be the same. As a final word of cau-
tion, we would like to comment that the divergence problem
in general relativity goes beyond the simple analysis we have
performed and will deserve an attentive look in the future.
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